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Abstract
Recently, Nagamochi and Ibaraki have introduced a concept of posi-modular set function
and considered the structure of the polyhedron described by an intersecting submodular and
posi-modular function. They showed that the facets of the polyhedron form a laminar family.
We show that such a laminarity property also holds for a much more general class of set
functions, called weakly posi-modular set functions, without submodularity. ? 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Recently, Nagamochi and Ibaraki [2] have introduced a concept of posi-modular set
function and considered the structure of the polyhedron
P(−)(f) = fx j x2RV−; 8X 2 2V : x(X )6f(X )g (1.1)
described by an intersecting submodular and posi-modular function f : 2V ! R, where
R− is the set of all nonpositive reals and x(X ) =
P
v2X x(v) (see, e.g., [1] for (inter-
secting) submodular functions). They showed in [2] that there exists a laminar family
F of subsets of the underlying set V such that
P(−)(f) = fx j x2RV−; 8X 2F: x(X )6f(X )g: (1.2)
We will show that such a laminarity property holds for a much more general class
of set functions, even without submodularity. It should be noted that Nagamochi and
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Ibaraki [2] also gave an ecient algorithm for identifying the laminar family, which
seems to heavily depend upon the assumption of the submodularity of the set function.
2. A laminarity property
For a nite nonempty set V we call a pair of subsets X and Y of V intersecting
if three sets X \ Y , X − Y and Y − X are nonempty. A set function f : 2V ! R is
called (fully) posi-modular, in [2], if f satises
f(X ) + f(Y )>f(X − Y ) + f(Y − X ) (2.1)
for each X; Y V . Also, if (2.1) holds for each intersecting pair of X; Y V , f is
called intersecting posi-modular.
We generalize the concept of posi-modularity as follows. Let f : 2V ! R be a
function satisfying the following property:
() For each intersecting pair of X; Y V there exist nonempty subsets X0X and
Y0Y such that X0 6= X or Y0 6= Y and
f(X ) + f(Y )>f(X0) + f(Y0): (2.2)
We call such a function f a weakly posi-modular function. If we can always take
X0 = X − Y and Y0 = Y − X in the above property (), then f is an intersecting
posi-modular function dened by Nagamochi and Ibaraki [2].
For any nonempty X V a subpartition of X is a partition of a nonempty subset
of X and let P0(X ) be the set of all the subpartitions of X .
Let us consider the polyhedron P(−)(f) dened by (1.1) in terms of a weakly
posi-modular function f : 2V ! R. Because of the structure of the dening system
of inequalities for P(−)(f) we identify each facet of P(−)(f) with the corresponding
subset X V . (Note that by dening h(X )=f(X ) for X V with jX j>2 and h(X )=
minff(X ); 0g for X V with jX j=1, a hyperplane x(X )=h(X ) for a nonempty X V
denes a facet of P(−)(f) if and only if there exists a vector y2P(−)(f) such that
y(X ) = h(X ) and y(Z)<h(Z) for all Z V with Z 6= X; ;.) Let F 2V be the set of
all the facets of P(−)(f).
Now, we have the following lemma.
Lemma 2.1. Suppose X 2F and jX j>2. Then; for any fZi j i2 Ig2P0(X ) such that
Zi 6= X for some i2 I; we have
f(X )<
X
i2I
f(Zi): (2.3)
Proof. Suppose on the contrary that for some fZi j i2 Ig2P0(X ) such that Zi 6= X for
some i2 I , we have f(X )>Pi2I f(Zi). Then, for any x2P(−)(f) we have
f(X )>
X
i2I
f(Zi)>
X
i2I
x(Zi)>x(X ) (2.4)
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and the inequality corresponding to X is redundant, so that it cannot dene a facet of
P(−)(f).
From this lemma we can show
Theorem 2.2. Any pair of X; Y 2F is not intersecting; i.e.; F is a laminar family.
Proof. If X; Y 2F and the pair of X; Y is intersecting, then we have jX j; jY j>2, and
for X0; Y0 satisfying (2.2) with these X and Y we have from Lemma 2.1
(; 6=)X0X ) f(X )<f(X0); (2.5)
(; 6=)Y0Y ) f(Y )<f(Y0); (2.6)
where note that in case of (2.5) fX0g2P0(X ) satises the assumption of Lemma 2.1
and similarly in case of (2.6). Consequently, we have
f(X ) + f(Y )<f(X0) + f(Y0): (2.7)
This contradicts property () of f described in (2.2).
Remark 1. Since the system of all the facet inequalities denes the original polyhedron
P(−)(f) of (1:1), Theorem 2.2 implies the existence of a laminar family F for which
(1.2) holds. Note that F is the minimum among such laminar families up to singletons.
Moreover, let us call X with ; 6= X V a pre-minimizer of f if we have
f(X ) = minff(Y ) j ; 6= Y X g: (2.8)
Also, if f satises
f(X )<minff(Y ) j ; 6= Y X g; (2.9)
then we call X a proper pre-minimizer of f. Let M(f) be the set of all the proper
pre-minimizers of f.
Theorem 2.3. M(f) is a laminar family.
Proof. If a pair of X; Y 2M(f) is intersecting, then for X0; Y0 appearing in (2.2)
with these X and Y we have from the denition of proper pre-minimizer and from
property ()
f(X )6f(X0); f(Y )6f(Y0) (2.10)
and at least one of these two inequalities holds with strict inequality<. This contradicts
(2.2).
Remark 2. It follows from Lemma 2.1 that if X 2F and jX j>2, then X 2M(f).
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